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Abstract: A new method for realizing the first and second order cohomology
groups of an internal abelian group in a Barr-exact category was introduced in [6]
and [10]. The main role, in each level, is played by a direction functor. This approach
can be generalized to any level n and produces a long exact cohomology sequence.
By applying this method to Moore categories we show that they represent a good
context for non-abelian cohomology, in particular the Baer Extension Theory.
Introduction
One of the goals in Homological Algebra is to form a long exact cohomology
sequence of abelian groups, given a short exact sequence of modules over a
ring R with identity. The starting point is the well known property of the ad-
ditive functor HomR(X,−) : R-Mod→ Ab of preserving left exact sequences.
Intuitively, the following question is raised: given a short exact sequence of
R-modules N ֌ P ։ Q, can we prolong the exact sequence of abelian
groups 0→ HomR(X,N)→ HomR(X,P )→ HomR(X,Q) (infinitely) to the
right?
The affirmative answer is given through equivalence classes of n-fold exten-
sions equipped with the Baer sum. These abelian groups can be computed
as cohomology groups and are used to construct a long exact cohomology
sequence.
The problem can be generalized to the following expression: Given a short
exact sequence
N //
k //P
p
// //Q (1)
in Ab(E), can the exact sequence of abelian groups
0 //HomE(1, N)
k∗ //HomE(1, P )
p∗ //HomE(1, Q) (2)
be extended (infinitely) to the right?
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In the first place, due to the interest in having Ab(E) an abelian category,
we establish E as a Barr-exact category. Moreover, based on the classical
(non-abelian) cases, the answer is centered on the research of a “good” def-
inition for the n-th (non-abelian) cohomology group of an internal abelian
group A in E , HnE(A). We begin with H
0
E(A) = HomE(1, A).
The first step to extend (2) was made by Barr in [1]. The interpretation
of H1E(A) used principal group actions, also known as A-torsors. This ap-
proach stopped at level 1 with a 6-term exact sequence. The first long exact
cohomology sequence formed from a short exact sequence was achieved by
Duskin and Glenn in [16] and [18]. Their theory was founded on simplicial
methods.
Afterwards, Bourn also obtained a long exact cohomology sequence in [4]
by using internal n-groupoids. The cohomology groups HnE(A) are defined
through internal (n − 1)-groupoids for which there is an internal n-functor
from its induced indiscrete internal n-groupoid to Kn(A). Besides relating
A-torsors and internal groupoids at level 1, this approach provided an easy
generalization mechanism for higher orders.
More recently, Bourn presented a new method for realizing the first coho-
mology group in [6] and the second in [10]. The key in each level consists
of a functor, called direction (of order 2 for level 2), which is used to obtain
the first and second cohomology groups, respectively. This approach can be
extended to higher levels also by means of internal n-groupoids [25]. The
cohomology groups HnE(A) are defined through internal (n − 1)-groupoids
having direction A. The main progress from [4] is due to the (final, discrete
fibration) factorization of internal n-functors. This allows the description of
the cohomology groups through internal (n−1)-groupoids with a property (of
having a certain direction) rather than exhibiting extra data (the existence
of a certain kind of internal n-functor).
In the first part of this work we briefly mention the method developed in
[4] through, what we call, A-labeled internal n-groupoids as the support-
ive background for the direction functor approach. We recall the basics for
the direction functor theory for levels 1 and 2 and give the guidelines for
extending the theory to higher levels.
Moore categories where introduced by Gerstenhaber in [17]. His approach
intended to represent a good context for non-abelian (co)homology, in par-
ticular for the Baer Extension Theory. The method was developed from the
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direct translation of the classical theory and became, in many aspects, ex-
tremely technical. In the second part of this work we shall see that, what
we propose as, Moore categories actually represent such a good context by
applying the direction functor theory to their fibres. This provides a simple
description of the cohomology groups of any order. Extending classical ter-
minology to these categories, we define the Baer sum of equivalence classes
of crossed n-fold extensions. For the particular case of groups, the equivalent
interpretations of [20] and [19] can be recovered and similar interpretations
for Lie algebras can be obtained. See [11] for the application of the direction
functor approach to the context of homological categories.
We would like to emphasize the fact that the initial non-abelian context
used to obtain realizations of the (non-abelian) cohomology groups is mis-
leading, since we can always consider, through the direction functors, an
abelian point of view.
Special thanks to Dominique Bourn for all the suggestions made for im-
proving this work.
1. The starting point
In the following sections E represents a Barr-exact category with finite
limits. We represent the full subcategory of objects with global support, i.e.
such that !X : X ։ 1 is a regular epimorphism, by E#. We denote by A an
object equipped with an internal abelian group structure (A,mA, eA, iA).
Given a short exact sequence (1), we want to prolong the 3-term exact se-
quence (2) to the right. Based on the classical examples, the infinite extension
of (2) is focussed on obtaining suitable definitions for the n-th cohomology
groups of an internal abelian group. The sequence formed this way is, thus,
called the long exact cohomology sequence. We begin with the following
definition:
Definition 1.1. The 0-th cohomology group of A is H0E(A) = HomE(1, A).
This gives a 0-th order cohomology functor H0E : Ab(E)→ Ab.
The cohomology groups HnE(A), n ≥ 1, will be defined as the abelian group
of the connected components of a suitable monoidal category. Recall that two
objects X and Y in a category C are connected when there exists a zig-zag
between them; we write X ∼ Y . Being connected determines an equivalence
relation on the objects of C. We call the equivalence classes the connected
components of C and denote them by pi0(C).
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2.A-labeled internal n-groupoids
In this section we briefly recall the interpretation of the cohomology groups
H
n
E(A) given in [4], through, what we call, A-labeled internal n-groupoids.
We adopt different notations.
An internal groupoid X1 in E is represented by a diagram
X1 : X1
d //
c
//X0,eoo
equipped with a composition morphismm : X1×X0X1 → X1. We denote the
category of internal groupoids in E by Grd(E). We have a forgetful functor
( )0 : Grd(E) → E , associating to every internal groupoid X1 its object of
0-cells X0. The fibre of ( )0 at X0 is represented by GrdX0(E). In particular,
Grd1(E) ∼= Gp(E) and we denote by K1(G) the internal groupoid associated
to an internal group G in E . Moreover, ( )0 has a fully faithful right adjoint
given by the indiscrete groupoid functor denoted by ∇1. We represent by
X≏1 the kernel pair of the terminal object X1 → ∇1(X0) in GrdX0(E).
It is easy to see that ( )0 is a fibration; the ( )0-cartesian morphisms are
the fully faithful internal functors, i.e. internal functors ϕ
1
: X1 → Y 1 such
that
X1
ϕ
1 //
!

y
Y 1
!

∇1(X0)
∇1(ϕ0)
//∇1(Y0)
is a pullback; an internal functor is ( )0-invertible when it is an isomorphism
on 0-cells. These two classes of morphisms form a factorization system.
Another important factorization system is given by the discrete fibrations
and final internal functors. An internal functor ϕ
1
: X1 → Y 1 is a discrete
fibration when the diagram
X1
c //
ϕ1

y
X0
ϕ0

Y1 c
//Y0
(or, equivalently, the diagram with the domains) is a pullback; it is final
when it is orthogonal to any discrete fibration ([3]).
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Remark 2.1. ([3]) Any final internal functor χ
1
: ∇1(X) → Y 1 is always
indiscrete, i.e. Y 1
∼= ∇1(Xˆ) and χ1
∼= ∇1(x) for some morphism x : X →
Xˆ. The (final, discrete fibration) factorization of an internal functor ϕ
1
:
∇1(X) → K1(A) produces a discrete fibration qXˆ1
: ∇1(Xˆ) → K1(A), thus
an isomorphism Xˆ × Xˆ ∼= Xˆ × A. Moreover, Xˆ ∈ E# whenever X ∈ E#.
We consider the comma category ∇1 ↓ K1(A) for the functors ∇1 : E# →
Grd(E), restricted to objects with global support, and K1(A) : 1 → Grd(E).
An object of ∇1 ↓ K1(A) is a pair
(
X,ϕ
1
: ∇1(X)→ K1(A)
)
which, by
Remark 2.1, satisfies
(
X,ϕ
1
)
∼
(
Xˆ, qXˆ1
)
. The internal functor ϕ
1
can be
seen as an internal groupoid whose 0-cells are the elements of X such that
between each ordered pair of elements ofX there exists a unique 1-cell labeled
by an element of A. This justifies the following definition:
Definition 2.2. The objects of ∇1 ↓ K1(A) are called A-labeled internal
groupoids.
For higher order cohomology groups we use higher order internal groupoids.
Until further specification, we consider n ≥ 2.
An internal n-groupoid Xn in E is represented by a diagram
Xn = Xn
d //
c
//Xn−1
d //
c
//eoo · · · X1eoo
d //
c
//X0,eoo
equipped with composition morphisms for all levels. We denote the category
of internal n-groupoids in E by n-Grd(E). For Xk ∈ k-Grd(E), n−1 ≤ k ≤ 0,
we represent by n-GrdXk(E) the category of internal n-groupoids over Xk
(where X0 means an object of E). Representing the internal (n−1)-groupoid
of n-cells by
∫
Xn = Xn
→
←
→ Xn−2
→
←
→ · · ·X0 and the internal (n− 1)-groupoid
that cancels level n by Xn−1, we see that an internal n-groupoid is just an
internal groupoid
∫
Xn
→
←
→ Xn−1 in (n− 1)-GrdXn−2(E). We have a forgetful
functor ( )n−1 : n-Grd(E)→ (n− 1)-Grd(E), associating to every internal n-
groupoid Xn the internal (n− 1)-groupoid Xn−1. It has a fully faithful right
adjoint denoted by ∇n and defined by ∇n(Xn−1) = X
≏
n−1
→
←
→ Xn−1
→
←
→ · · ·X0,
where X≏n−1 is the object of parallel (n− 1)-cells (take X
≏
0 = X0 ×X0). We
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represent byX≏n the kernel pair of the terminal morphismXn → ∇n(Xn−1) in
n-GrdXn−1(E). Moreover, every internal abelian group A induces an internal
n-groupoid denoted by Kn(A) = A
→
←
→ 1
→
←
→ · · · 1.
Definition 2.3. We call an internal groupoid X1 aspherical when X1 ։
∇1(X0) and X0 ։ 1 are regular epimorphisms. An internal n-groupoid Xn
is called aspherical when Xn ։ ∇n(Xn−1) is a regular epimorphism and
Xn−1 is aspherical.
We denote by (n-)Asp(E) the category of aspherical internal (n-)groupoids
in E .
The forgetful functor ( )n−1 is also a fibration and the classes of ( )n−1-
cartesian morphisms and ( )n−1-invertible morphisms form a factorization
system. The notions of final functors and discrete fibrations are extendable
to n-Grd(E) and still form a factorization system.
Remark 2.4. ([3]) Any final internal n-functor χ
n
: ∇n(Xn−1) → Y n is al-
ways indiscrete and ( )n−2-invertible, i.e. Y n
∼= ∇n(Xˆn−1) and χn
∼= ∇n(xn−1)
for some ( )n−2-invertible internal (n − 1)-functor xn−1 : Xn−1 → Xˆn−1.
The (final, discrete fibration) factorization of an internal n-functor ϕ
n
:
∇n(Xn−1) → Kn(A) produces a discrete fibration qXˆn−1n
: ∇n(Xˆn−1) →
Kn(A), thus an isomorphism Xˆ
≏
n−1
∼= Xn−1 × A. Moreover, Xˆn−1 ∈ (n− 1)-
Asp(E) whenever Xn−1 ∈ (n− 1)-Asp(E).
We consider the comma category ∇n ↓ Kn(A) for the functors ∇n : (n−1)-
Asp(E)→ n-Grd(E), restricted to aspherical internal (n− 1)-groupoids, and
Kn(A) : 1 → n-Grd(E). As before, an object of ∇n ↓ Kn(A) is a pair(
Xn−1, ϕn :∇n(Xn−1)→ Kn(A)
)
which, by Remark 2.4, satisfies
(
Xn−1, ϕn
)
∼
(
Xˆn−1, qXˆn−1n
)
. The internal n-functor ϕ
n
can be seen as an internal
n−groupoid whose 0-cells, · · · , (n − 1)-cells are those of Xn−1 such that
between each ordered pair of parallel (n−1)-cells ofXn−1 there exists a unique
n-cell labeled by an element of A. This justifies the following definition:
Definition 2.5. The objects of ∇n ↓ Kn(A) are called A-labeled internal
n-groupoids.
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Theorem 2.6. ([4]) For n ≥ 1, ∇n ↓ Kn(A) is a monoidal symmetric cate-
gory with unit
(
∇n−1(1), eAn : ∇n(1)→ Kn(A)
)
and such that
(
Xn−1, ϕn
)
⊗(
Y n−1, ψn
)
=
(
Xn−1 × Y n−1, ϕn ⊗ ψn
)
for ϕ
n
⊗ ψ
n
∼= Kn(mA) · ϕn × ψn.
Moreover, we have
(
Xn−1, ϕn
)
⊗
(
Xn−1,Kn(iA) · ϕn
)
∼
(
∇n−1(1), eAn
)
, for
any object
(
Xn−1, ϕn
)
in ∇n ↓ Kn(A). As a consequence, pi0 (∇n ↓ Kn(A)) ∈
Ab.
Definition 2.7. For n ≥ 1, the n-th cohomology group of A is defined by
H
n
E(A) = pi0(∇n ↓ Kn(A)). This gives an n-th order cohomology functor
H
n
E : Ab(E)→ Ab.
Theorem 2.8. ([4]) Given a short exact sequence (1), we obtain a long exact
cohomology sequence
0 //H0E(N)
k∗ //H0E(P )
p∗ //H0E(Q)
δ0 //H1E(N)
// · · ·
· · · //HnE(N)
kn∗ //HnE(P )
pn∗ //HnE(Q)
δn //H
n+1
E (N)
// · · · ,
(3)
where, for simplification, we write kn∗ and p
n
∗ instead of H
n
E(k) and H
n
E(p),
respectively.
3. The direction functor approach
In this section we briefly recall the direction functor theory for levels 1 and
2. The main developments of this approach can be found in [6] and [10].
The definition of the second order direction functor is based on that of the
first order direction functor. So, by induction, we can generalize the notion
of direction functor to any order n, n ≥ 3. We finish by establishing the link
with the theory developed in Section 2.
The details of the generalization of the direction theory can be found in
[25]. In [15] the direction functor approach is completely developed for the
simpler context of naturally Maltsev categories where internal groupoids are
just reflexive graphs.
Whenever it is possible, we apply the Yoneda immersion in order to use
elements and simplify some of the statements made below.
3.1. The direction functor d.
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Definition 3.1. A ternary operation pX : X × X × X → X is called a
Maltsev operation if pX(x, x, y) = y and pX(x, y, y) = x, for any elements of
X; X is also called an abelian object. A Maltsev operation pX is said to be
autonomous when it commutes with itself.
We represent by AutM(E) the category of autonomous Maltsev operations
in E . Note that, in the presence of a zero object, abelian objects are those
equipped with an internal abelian group structure. The category AutM(E#)
is Barr-exact with finite products, naturally Maltsev and essentially affine
(Proposition 8 of [6]).
We denote the projections of a product by pX : X × Y → X, · · · or p0, p1 :
X ×X → X, · · · and the diagonal morphism by s0 =< 1, 1 >.
Definition 3.2. Let (X, pX) ∈ AutM(E). The Chasles relation associated
to pX is the equivalence relation Ch[pX ] on X ×X given by
X ×X ×X
<p0,pX>//
p1,2
//X ×X
Definition 3.3. The direction d(X) of (X, pX) ∈ AutM(E#) is given by the
quociente of X ×X by Ch[pX ].
Note that by applying the Barr-Kock Theorem to the commutative diagram
X ×X ×X
<p0,pX>//
p1,2
//
p0,1

X ×X
qX // //
p0

d(X)
!

X ×X
p0 //
p1
//X
!
// //1
we see that the right square is a pullback. Moreover, d(X) ∈ Ab(E) since
X ∈ E#. This leads to a simpler definition:
Definition 3.4. The direction d(X) of X ∈ AutM(E#) is determined by the
internal abelian group d(X) = A making the downward diagram
X ×X
p0

qX // //
y
A
!

X
s0
OO
!
// //
x
1
eA
OO
a pullback in AutM(E#) or, equivalently, the upward diagram a pushout
in AutM(E#) (AutM(E#) is essentially affine). This produces the direction
functor d : AutM(E#)→ Ab(E).
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Remark 3.5. Properties of d ([6]).
1: d is exact and conservative.
2: d is a pseudo-cofibration and every morphism in AutM(E#) is d-
cocartesian.
3: The fibres of d are symmetric monoidal closed groupoids and the
change of base functors are strongly monoidal. The tensor product
of X, Y ∈ d−1(A) is defined by the codomain of the d-cocartesian
morphism µX,Y : X × Y → X ⊗1 Y above mA; the unit is A.
4: The monoidal structure of d−1(A) induces an abelian group structure
on its connected components.
3.2. The second order direction functor d2. The second order direction
functor is based on the first order direction functor. We can consider d
for the Barr-exact category with finite limits GrdX0(E), denoted by dX0 :
AutM( (GrdX0(E) )# )→ Ab(GrdX0(E) ).
Definition 3.6. An internal groupoid X1 is called abelian when it is an
abelian object of GrdX0(E), i.e. X1 ∈ AutM(GrdX0(E) ).
The category of aspherical abelian internal groupoids in E is denoted by
Aspab(E).
As in level 1, we are interested in having a functor defined into Ab(E),
the starting category for the short exact sequence (1). This is possible when
X0 ∈ E#, due to the equivalence Ab(GrdX0(E) )
∼= Ab(E) (Theorem 9 in
[10]) and determines an isomorphism dX0(X1)
∼= ∇1(X0) × K1(A), for some
A ∈ Ab(E). We obtain the following construction:
Definition 3.7. The second order direction of X1 ∈ Aspab(E) is given by the
internal abelian group d2(X1) = A making the downward diagram
X≏1
p01

qX1// //
y
K1(A)
!

X1
s01
OO
!
// //
x
∇1(1)
eA1
OO
a pullback in Aspab(E) or, equivalently, the upward diagram a pushout in
Aspab(E) (Proposition 1 in [10]). This produces the second order direction
functor d2 : Aspab(E)→ Ab(E).
Remark 3.8. Properties of d2 ([10]).
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1: d2(K1(A)) ∼= A for qK1(A) = K1(\A), for the division \A = mA · (1A ×
iA).
2: An internal functor is d2-invertible if and only if it is ( )0-cartesian.
3: d2 preserves finite products and all existing pullbacks.
4: d2 is a pseudo-cofibration.
5: An internal functor is d2-cocartesian if and only if it is ( )0-invertible;
thus d2-cocartesian morphisms are stable for finite products.
6: A ( )0-invertible and d2-invertible internal functor is an isomorphism.
7: The change of base functors with respect to ( )0 reflect isomorphisms.
8: The fibers of d2 are symmetric monoidal categories and the change of
base functors, with respect to d2, are strongly monoidal. The tensor
product of X1, Y 1 ∈ d
−1
2 (A) is defined by the codomain of the d2-
cocartesian morphism µX1,Y 1 : X1 × Y 1 → X1 ⊗2 Y 1 above mA; the
unit is K1(A).
9: Given X1, Y 1 ∈ d
−1
2 (A), let X1\2Y 1 denote the codomain of the d2-
cocartesian map above the division \A. For each object X1 ∈ d
−1
2 (A),
we have X1\2K1(A) ∈ d
−1
2 (A) such that X1⊗2 (X1\2K1(A)) ∼ K1(A).
As a consequence, the monoidal structure of d−12 (A) induces an abelian
group structure on its connected components.
3.3. The direction functor dn, n ≥ 3. In this section we will generalize
the considerations made in Subsection 3.2 to any order n ≥ 3. If we call
objects (with global support) by (aspherical) internal 0-groupoids (so X0 =
X0 and A = K0(A)) and internal groupoids by internal 1-groupoids, then in
the generalization process we should replace 0 by n − 2, 1 by n − 1 and 2
by n. For higher levels, we actually have a simplification since all internal
n-groupoids are necessarily abelian for n ≥ 2.
From now on let n ≥ 3 and suppose there exists an (n−1)-th order direction
functor dn−1 : (n − 2)-Aspab(E) → Ab(E). We can consider it for the Barr-
exact category with finite limits GrdX0(E), denoted by dn−1,X0 : (n − 2)-
Aspab(E) → Ab(GrdX0(E) ). Since X0 ∈ E#, we can use the equivalence
Ab(GrdX0(E) )
∼= Ab(E) (Theorem 9 in [10]) to determine an isomorphism
dn−1,X0(Xn−1)
∼= ∇1(X0) × K1(A), for some A ∈ Ab(E). We obtain the
following construction:
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Definition 3.9. The n-th order direction of Xn−1 ∈ (n− 1)-Asp(E) is given
by the internal abelian group dn(Xn−1) = A making the downward diagram
X≏n−1
p0n−1

qXn−1// //
y
Kn−1(A)
!

Xn−1
s0n−1
OO
!
// //
x
∇n−1(1)
eAn−1
OO
a pullback in (n− 1)-Asp(E) or, equivalently, the upward diagram a pushout
in (n − 1)-Asp(E) (Proposition 1 in [10]). This produces the n-th order
direction functor dn : (n− 1)-Asp(E)→ Ab(E).
Using induction and adequate adjustments for higher order internal n-grou-
poids, we can prove that dn, n ≥ 3, has the same properties as those of d2
listed in Remark 3.8.
We have the following situation
Ab(E) (n− 1)−Aspab(E)
dnoo
( )n−2
//(n− 2)−Asp(E),
with dn a pseudo-cofibration and ( )n−2 a fibration; it is a bifibration since
( )n−2-cartesian and dn-cocartesian morphisms commute.
3.4. The link with A-labeled internal n-groupoids. The link between
the direction functor approach and the one using A-labeled internal n-grou-
poids, for n ≥ 1, of Section 2 is a consequence of the (final,discrete fibra-
tion) factorization of internal n-functors. As mentioned in Remark 2.4, ev-
ery A-labeled internal n-groupoid
(
Xn−1, ϕn
)
is connected to one of the
type
(
Xˆn−1, qXˆn−1n
)
. Since qXˆn−1n
is a discrete fibration, then we have
dn(Xˆn−1) = A (Definition 3.9).
Proposition 3.10. ([25]) There is an adjunction ∇n ↓ Kn(A)
//
⊥ d−1n (A)oo such
that the left adjoint preserves the tensor product (up to isomorphism).
As a consequence, we have pi0(∇n ↓ Kn(A)) ∼= pi0(d
−1
n (A)) so we could also
consider
H
n
E(A)
∼= pi0(d
−1
n (A)), n ≥ 1, (4)
to produce a long exact cohomology sequence as (3).
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4.Moore categories
The notion of a Moore category introduced in [17] by Gerstenhaber con-
sists of a long list of axioms whose independency was unclear. A comparative
analysis between old notions and more recent ones made in [24] (similar to the
one done in [21] for semi-abelian categories) translated them in Barr-exact
([1]) and strongly protomodular categories ([5], [8] and [7]) with zero object
and cokernels. If we consider all finite colimits, we are before semi-abelian
categories (which are also strongly protomodular). Due to the growing re-
search of these categories, we will join this extra condition and propose a
definition which is slightly different from the original one.
4.1. Basic definitions.
Definition 4.1. ([5]) A category C with pullbacks is called protomodular if
the change of base functor, with respect to the fibration of pointed objects
Π : PtC → C which associates to each split epimorphism its codomain, reflect
isomorphisms.
Definition 4.2. ([1]) A category is called regular when it has kernel pairs
and their coequalizers and the pullback of a regular epimorphism along any
morphism exists and is a regular epimorphism. It is called Barr-exact when
it is regular and every equivalence relation is effective, i.e. is a kernel pair.
Remark 4.3. It is well known that any protomodular category is always
Maltsev. So we can use all the properties of regular Maltsev categories (see
[2], and the references therein) in our context. In particular, we use the fact
that:
1: Every Maltsev operation is necessarily autonomous.
2: The notions of internal groupoid and multiplicative reflexive graph
(i.e. a reflexive graph with a composition that admits left and right
units) both coincide and every reflexive graph admits at most one
internal groupoid structure. Moreover, the forgetful functor from the
category of internal groupoids to reflexive graphs is full.
Protomodular categories satisfy many typical group properties, so Grp is
the principal example. One of these properties is the (Split) Short Five
Lemma, that also characterizes the (regular) protomodular categories with
zero object. If we also consider Barr-exact categories we get more group fea-
tures like, for instance, the notion of semi-direct products (Definition 4.13).
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Definition 4.4. ([21]) A Barr-exact and protomodular category with zero
object and finite colimits is called semi-abelian.
The notion of a normal subobject can be generalized.
Definition 4.5. ([8]) Let C be a category with finite limits. A monomor-
phism f : X → Y is said normal to an equivalence relation R on Y (written
f ⊣ R) when there exists a morphism ∇X → R which is a discrete fibration.
In a protomodular category with finite limits, if a monomorphism is nor-
mal to an equivalence relation, then the relation is unique up to isomorphism.
With this result, normality is no longer necessarily associated to an equiva-
lence relation.
Definition 4.6. ([7]) A category C with finite limits is said strongly proto-
modular if the change of base functors, with respect to the fibration of pointed
objects Π : PtC → C, reflect isomorphisms and normal monomorphisms.
The definition of a Moore category that we propose is:
Definition 4.7. A Moore category is Barr-exact and strongly protomodular
with zero object and finite colimits.
Examples 4.8. ([21, 24]) As examples of Moore categories we have: Grp,Rg
and Lie (the category of Lie algebras), all abelian categories, the category
of Heyting semi-lattices, Grp(C) and Rng(C) for a topos C with natural
number object and also PtC[X] for any Barr-exact and strongly protomodular
category C with pushouts.
In the following sections S represents a semi-abelian category,M represents
a Moore category and Z a fixed object of M.
4.2. Kernels and cokernels. Although the notions of normal monomor-
phism (with respect to an equivalence relation) and kernel are distinct, in
general, the two concepts coincide in any Moore category M. On the other
hand, the notions of extremal epimorphism, regular epimorphism and strong
epimorphism are equivalent, sinceM is regular. They also coincide with that
of a cokernel due to the protomodularity ofM. The pullback of a regular epi-
morphism is a regular epimorphism because M is regular and any pullback
of this form is always a pushout becauseM is protomodular (Proposition 14
and Corollary of [5]).
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We denote the kernel of a morphism g : W → X0 by an arrow ker(g) :
k(W ) ֌ W . We denote cokernels by ։. Split epimorphism are special
types of cokernels and are represented by a pair of maps⇄
f
s , where f · s = 1.
4.3. (n-fold) Extensions. A short exact sequence E : A ֌ X ։ Z in
M is called an extension in M of A by Z. It is said to be singular when
A ∈ Ab(M). We denote by SingZ(M) the category of singular extensions in
M over Z. The terminal object of SingZ(M) is Z : 1֌ Z = Z. We denote
the product of E,E′ ∈ SingZ(M) by E×Z E
′ : A×A′֌ X ×Z X
′
։ Z.
Remark 4.9. The following hold for any commutative diagram of extensions:
A //
a //
α

1
X
f
// //
θ

2
Z
ζ

A′ //
a′
//X ′
f ′
// //Z ′
1: If ζ is a monomorphism, then 1 is a pullback.
2: ([9]) When ζ is an isomorphism, α is a regular epimorphism if and
only if θ is a regular epimorphism.
3: ([21]) If 2 is a pushout and θ and ζ are regular epimorphisms, then
α is a regular epimorphism.
Proposition 4.10. ([2]) Let C be a strongly protomodular category with zero
object. The abelian objects in the slice category C/Z are the morphisms with
an abelian kernel.
As a consequence, we have an equivalence (recall Remark 4.3.1.)
AutM((M/Z)#) ∼= SingZ(M). (5)
A short exact sequence E : A ֌ X ⇄
s
Z in M with section s, is called
a split extension. When A ∈ Ab(M), we say that the split extension (or
just A) is a Z-module in M. We represent by ModZ(M) the category of
Z-modules in M.
Proposition 4.11. ([7]) Let C be a strongly protomodular category with zero
object. The objects in Ab(C/Z) are the split epimorphisms with an abelian
kernel.
As a consequence, we have an equivalence
Ab(M/Z) ∼= ModZ(M). (6)
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Let E : A֌ X ։ Z be an extension inM and consider a monomorphism
ζ : Z ′ ֌ Z and a regular epimorphism α : A ։ A′′. The composition of E
with ζ, denoted by Eζ, is defined from the pullback of ζ along E; it is always
an extension inM. The composition of α with E, denoted by αE, is obtained
from the pushout of α along E; in all the cases we consider it is an extension
in M:
Eζ :
E :
A //
<a,0>
//X ′
f ′
// //
y
ζ′

Z ′

ζ

A // a
//X
f
// //Z
E :
αE :
A //
a //
α 
p
X
f
// //
α′
Z
A′′ //
a′′
//X ′′
<0,f>
// //Z.
An exact sequence E : A ֌ Xn−1 → · · ·X1 → X0 ։ Z in M is called
an n-fold extension in M of A by Z. Being exact, the n-fold extension E
is decomposed into n extensions Cn : A ֌ Xn−1 ։ Hn−1, · · · , C2 : H2 ֌
X1 ։ H1 and C1 : H1 ֌ X0 ։ Z
A //
a //Xn−1
xn−1 //
hn−1
%% %%KK
KK
Xn−2 // · · · X2
x2 //
h2
%% %%KK
KK
K
X1
x1 //
h1
!! !!B
BB
X0
f
// //Z.
Hn−1
99
bn−1
99sss
H2
==
b2
==||
H1
==
b1
==||
written E = Cn · · ·C1 and called the Yoneda composition of Cn, · · · ,C1. In
this case we have Eζ = Cn · · ·C2(C1ζ) and αE = (αCn)Cn−1 · · ·C1.
4.4. Semi-direct products. The notion of semi-direct products was in-
troduced in [12] for Barr-exact and protomodular categories with certain
colimits. The presence of all finite colimits simplifies its definition, so we will
describe semi-direct products in any semi-abelian category S.
We denote the injections of a coproduct by iX : X → X + Y, · · · or i0, i1 :
X → X +X, · · · .
Theorem 4.12. ([12]) For every morphism v : U → V in S, the change of
base functor, with respect to the fibration of pointed objects Π : PtS → S,
v∗ : PtS[V ]→ PtS[U ] is monadic.
Given a fixed object X0 of S, we have an adjunction
(0X0)
! : S −→ PtS[X0] ⊣ (0X0)
∗ : PtS[X0] −→ S,
X1 7−→ X1 +X0
<0,1>
//X0
iX0
oo W
g
//X0
t
oo 7−→ k(W )
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and an induced monad in S represented by ΠX0. A ΠX0-algebra (X1, ξX1 :
k(X1 + X0) → X1) is also called an X0-algebra. By Theorem 4.12, the
comparison functor PtS[X0] ∼= S
ΠX0 is an equivalence.
Definition 4.13. The semi-direct product (X1, ξX1) ⋊ X0 of an X0-algebra
(X1, ξX1) and X0 is the domain of the object in PtS[X0] that corresponds to
(X1, ξX1) through the previous equivalence PtS[X0]
∼= SΠ
X0 .
Given an X0-algebra (X1, ξX1), there exists an object (X1, ξX1)⋊X0 ⇄ X0
∈ PtS[X0] such that the top and bottom squares are pullbacks and pushouts
in
k(X1 +X0) //
ker<0,1>
//
ξX1 
!

X1 +X0
<µX1 ,νX1>
<0,1>

X1 //
µX1 //
!

y
(X1, ξX1)⋊X0
ρX1

1 //X0.
νX1
OO
(7)
Moreover, for an object W ⇄
ν
X0 in PtS[X0] with kernel µ : X1 ֌ W , we
have W ∼= (X1, ξX1)⋊X0 for the X0-algebra (X1, ξX1 = k < µ, ν >).
Notations 4.14. Let (X1, ξX1) be anX0-algebra and (X
′
1, ξX ′1) anX
′
0-algebra.
1: Given morphisms θ1 : X1 → X
′
1 and θ0 : X0 → X
′
0 such that θ1 ·ξX1 =
ξX ′1 · k(θ1 + θ0), we have a commutative diagram
X1 //
µX1 //
θ1

(X1, ξX1)⋊X0
ρX1 //
θ1⋊θ0

X0νX1
oo
θ0

X ′1 //µX′1
//(X ′1, ξX ′1)⋊X
′
0
ρX′1 //X ′0,νX′1
oo
where θ1 ⋊ θ0 is induced by the top pushout in (7).
2: We have a product (X0×X
′
0)-algebra (X1×X
′
1, ξX1×X ′1), for ξX1×X ′1 =
< ξX1 ·k(pX1 +pX1), ξX ′1 ·k(pX ′1 +pX ′1) >. When X0 = X
′
0, the product
X0-algebra is given by ξX1×X ′1 =< ξX1 ·k(pX1+1X0), ξX ′1 ·k(pX ′1+1X0) >.
3: A Z-module in M is represented by a diagram of the form
OA : A //
µA //(A, ξA)⋊ Z
ρA //Z
νA
oo (8)
or just by the Z-algebra (A, ξA). To simplify, we denote a morphism
(α, α⋊ 1Z , 1Z) : OA → OA′ just by α : A→ A
′.
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5. Baer sum of singular extensions
In this section we generalize the Baer Extension Theory for groups (or Lie
algebras) of order 1 to the context of Moore categories. To do so, we apply
the direction functor theory of order 1 (Subsection 3.1) to the Barr-exact
category with finite limits E =M/Z.
5.1. The direction of singular extensions. The kernel pair of a morphism
f : X → Z is denoted by (f0, f1 : X ×Z X → X).
Proposition 5.1. The direction functor d : SingZ(M)→ ModZ(M) assigns
to each singular extension in M of A by Z a Z-module structure on A.
Proof : Using the equivalences (5) and (6), the direction functor is defined by
d : SingZ(M) −→ ModZ(M).
E : A //
a //X
f
// //Z 7−→ Of : A //
µf
//(A, ξf)⋊ Z
ρf
//Z
νf
oo
The Z-module Of is characterized by the following downward pullback
A× A
p0

qA=\A=mA·(1A×iA)
// //
((a×Za
((QQQ
Q
Awwµf
wwnnn
nnn
!

X ×Z X
f0

qE // //
f ·f0
&& &&MM
MM
MM
(A, ξf)⋊ Z
ρf

ρf
wwwwnnn
nnn
n
Z
X f
88 88qqqqqqq
f
// //
s0
OO
Z
PPPPPPPPP
PPPPPPPPP
νf
OO
A
66
a 66mmmmmmmmm
!
// //
s0
OO
1
gg
ggPPPPPPPPP
eA
OO
or, equivalently, by the upward pushout, both in SingZ(M); it corresponds
to the diagram of Definition 3.4 for AutM((M/Z)#). 2
5.2. The Baer sum of singular extensions. Let OA be a fixed Z-module
as in (8). The objects of the groupoid d−1(OA) are the singular extensions
E : A֌ X
f
։ Z in M of A by Z such that Of ∼= OA, i.e. (A, ξf) ∼= (A, ξA).
We use the classical notation Opext(Z,A,OA) to represent the abelian group
of the equivalence classes of singular extensions in d−1(OA). The first coho-
mology group of the Z-module A is (see (4))
H
1
M/Z(A)
∼= pi0(d
−1(OA)) = Opext(Z,A,OA).
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The group operation of H1M/Z(A), induced by the tensor product of the
monoidal structure of d−1(OA), is called the Baer sum, and is defined as
[E]∼ + [E
′]∼ = [E⊗1 E
′]∼. The singular extension E⊗1 E
′ is the codomain of
the d-cocartesian morphism µE,E′ above the multiplication mOA with domain
the product E×Z E
′ (= (E× E′)∆Z) in SingZ(M) (Remark 3.5.3.)
d : SingZ(M) −→ ModZ(M).
E×Z E
′ :
µE,E′

E⊗1 E
′ :
A×A
mA 
//
a×Za
′
//X ×Z X
′ // //
u

Z
A //
a′′
//X ′′
f ′′
// //Z
7−→ OA × OA
mOA
OA
By Remark 4.9.2., u is a regular epimorphism and, by Remark 4.9.1., the
left square is a pullback, thus a pushout. So, the tensor product is given by
E ⊗1 E
′ = mA(E × E
′)∆Z, just like the Baer sum of singular extensions of
groups ([23]).
5.3. The 6-term exact sequence. Given a short exact sequence
S : ON //
k //OP
p
// //OQ (9)
in ModZ(M), the induced 6-term exact sequence is
0 //HomM/Z(1Z, ρN)
k∗ //HomM/Z(1Z, ρP )
p∗ //HomM/Z(1Z, ρQ)
δ0 //
//Opext(Z,N,ON)
k1
∗
//Opext(Z, P,OP )
p1
∗
//Opext(Z,Q,OQ).
The connection morphism is defined by (Theorem 2.8)
δ0 : HomM/Z(1Z, ρQ) −→ Opext(Z,N,ON),
Z
c0 //
::
::
::
::
(Q, ξQ)⋊ Z
ρQwwwwoo
oo
oo
o
Z
7−→ [Jc0 : N //
b1 //X
f
// //Z ]∼
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where the singular extension δ0(c0) is obtained from the pullback
N //
k //
!

## b1
##G
GG
PuuµP
uukkkk
kk
p

X
βX //
f

f
## ##F
FF
F (P, ξP )⋊ ZρP
uuuukkkk
kkk
p⋊1Z

Z
Z
xxxxx
x
c0
//(Q, ξQ)⋊ Z
ρQ
iiiiSSSSSSS
1 //
;;
;;wwww
Q
iiµQ
iiSSSSSS
in SingZ(M). On the other hand, using this pullback it is easy to see that
the singular extension δ0(c0) is also given by the composition Jc0
Jc0 :
J :
N //
b1 //X
f
// //
βX

y
Z
c0

N //
µP ·k
//(P, ξP )⋊ Zp⋊1Z
// //(Q, ξQ)⋊ Z,
just like the definition of connecting morphism for groups ([23]).
6. Baer sum of crossed 2-fold extensions
In this section we generalize the Baer Extension Theory for groups (or Lie
algebras) of order 2 to the context of Moore categories. But before, we must
define the notions of an internal crossed module and that of a crossed 2-fold
extension for these categories. As for groups, these notions are related to that
of internal groupoids. Then we apply the direction functor theory of order 2
(Subsection 3.2) to the Barr-exact category with finite limits E =M/Z.
6.1. Internal crossed modules. The notion of a crossed module is ex-
tended to the context of any semi-abelian category S. We recall the main
considerations of [22].
Definition 6.1. An internal crossed module χ1 : (X1, ξX1)→ X0 in S is com-
posed by an X0-algebra (X1, ξX1) and a morphism χ1 such that the following
diagrams are commutative
k(X1+X0) //
ker<0,1>
//
ξX1 
A
X1+X0
<χ1,1>

X1 χ1
//X0
k(X1+(X1+X0))
k(1+<χ1,1>)
//
k<i0,1>

B
k(X1+X0)
ξX1
k(X1+X0)
ξX1
//X1.
(10)
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A morphism of internal crossed modules in S is given by morphisms β and
γ making the following diagrams commute
(X1, ξX1)
β

χ1 //X0
γ

(X ′1, ξX ′1) χ′1
//X ′0
k(X1+X0)
k(β+γ)

ξX1 //X1
β

k(X ′1+X
′
0) ξX′1
//X ′1.
We represent by XMod(S) the category of internal crossed modules in S.
The well known equivalence between crossed modules and internal grou-
poids for groups is extended to the context of semi-abelian categories.
Proposition 6.2. ([22]) The equivalence XMod(S) ∼= Grd(S) holds.
Proof : We omit some of the technical details of the proof. The simplifications
mentioned in Remark 4.3.2. will be used.
We define a functor
F : XMod(S) −→ Grd(S),
(X1, ξX1)
χ1 //X0 7−→ (X1, ξX1)⋊X0
ρX1 //
σX1
//X0νX1oo
(β, γ) 7−→ (β ⋊ γ, γ)
where the commutativity of (10A) and the top pushout in (7) give a unique
morphism in
k(X1+X0)
ξX1 
//
ker<0,1>
//
p
X1+X0
<µX1 ,νX1>
<χ1,1>

X1 // µX1
//
χ1 ..
(X1, ξX1)⋊X0
σX1 ((
X0.
It is easy to see that (X1, ξX1)⋊X0
ρX1 //
σX1
//X0νX1oo is a reflexive graph. The com-
mutativity of (10B) guarantees the existence of the composition morphism
which makes the reflexive graph multiplicative, thus an internal groupoid.
Since (β ⋊ γ, γ) is a morphism of reflexive graphs it is also an internal func-
tor between the internal groupoids they support.
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We also define a functor
G : Grd(S) −→ XMod(S),
X1
d //
c
//X0eoo 7−→ (D = ker(d), ξD = k < ker(d), e >)
c·ker(d)
//X0
(ϕ1, ϕ0) 7−→ (k(ϕ1), ϕ0)
where the equality c · ker(d) · k < ker(d), e >= c· < ker(d), e > · ker <
0, 1 >=< c · ker(d), 1 > · ker < 0, 1 > proves the commutativity of (10A).
Moreover, the composition morphism of the internal groupoid guarantees the
commutativity of (10B). The definition of G on morphism is as expected and
the proof that G(ϕ1, ϕ0) ∈ XMod(S) is straightforward.
Given an internal crossed module χ1 : (X1, ξX1) → X0, it is easy to show
that G(F (χ1)) ∼= χ1 since χ1 = σX1 · µX1, by the definition of σX1. For every
internal groupoid X1 ∈ Grd(S), we have F (G(X1))
∼= X1 since the split
extension D
ker(d)
֌ X1 ⇄
d
e
X0 produces an isomorphism (D, ξD)⋊X0 ∼= X1 (see
the observation after diagram (7)). 2
Proposition 6.3. Let χ1 : (X1, ξX1)→ X0 be an internal crossed module in
S. By taking A = ker(χ1) and Z = coker(χ1), we have an exact sequence
A //
a //X1
χ1 //
h1
!! !!B
BB
X0
f
// //Z
H1
==
b1
==||
such that A ∈ Ab(S) and h1 has a central kernel relation.
Proof : By Proposition 6.2, the internal crossed module is equivalent to an
internal groupoid; we use the same notations. We begin by noticing that Z
is also the co-equalizer of (ρX1, σX1). Using the fact that < µX1, νX1 > is an
epimorphism and the equality f · ρX1· < µX1, νX1 >= f · < 0, 1 >= f · <
χ1, 1 >= f · σX1· < µX1, νX1 >, we conclude that f · ρX1 = f · σX1. Then, the
whole commutative diagram
X1 //
µX1 //
!

χ1
''
p
(X1, ξX1)⋊X0
σX1 //
ρX1

X0
f
1 //X0
f
// //Z
and the left square are pushouts, thus the right square is a pushout.
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Next, we see that χ1 admits a (regular epimorphism, kernel) factorization.
For that we consider H1 = ker(f), the induced morphism h1 and apply
Remark 4.9.3. to the commutative diagram
X1 //
µX1 //
h1

(X1, ξX1)⋊X0
ρX1// //
σX1 
p
X0
f
H1 //
b1
//X0
f
// //Z,
to conclude that h1 is a regular epimorphism. So, by taking A = ker(χ1), we
get the above mentioned exact sequence.
Let (pi1, pi2) be the pullback of (ρX1, σX1), m the composition of the internal
groupoid and consider the unique morphism in
X1 ×X1
p1 //
p0

λ ++
X1

** µX1
**TTT
TTT
X2
m //
pi1

(X1, ξX1)⋊X0
ρX1

X1 //++
µX1
++WWWW
WWWW
W 1
**TTT
TTT
TTT
TT
(X1, ξX1)⋊X0 ρX1
//X0.
The front, right and back faces are pullbacks, implying that the left face is a
pullback. In the commutative diagram
X1
s0 //

µX1

X1 ×X1
p0 //
λ

y
X1

µX1

(X1, ξX1)⋊X0
<1,νX1 ·σX1> //
σX1

X2
pi1 //
pi2

y
(X1, ξX1)⋊X0
σX1

X0 νX1
//(X1, ξX1)⋊X0 ρX1
//X0
the right side and the whole diagram are pullbacks, thus the left side is a
pullback. Finally, since A = ker(χ1 = σX1 · µX1), we conclude that < a, a >:
A → X1 × X1 is a kernel. Hence, < 1A, 1A >: A → A × A is a kernel,
guaranteing that A ∈ Ab(S).
To finish, h1 has a central kernel relation because the composition A
a
֌
X1
s0→ X1 ×X1 is a kernel (Theorem 5.2 of [13]). 2
Remark 6.4. To conclude that an internal crossed module χ1 : (X1, ξX1)→
X0 induces a Z-module structure on its kernel A, for Z = coker(χ1), (as
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in the case of groups) we must appeal to the second order direction functor
when considering Moore categories (Proposition 6.9).
6.2. Crossed 2-fold extensions.
Definition 6.5. A crossed 2-fold extension in S of A by Z is an exact se-
quence E : A֌ (X1, ξX1) → X0 ։ Z in S with (X1, ξX1) → X0 an internal
crossed module in S. A morphism of crossed 2-fold extensions in S is given
by morphisms α, β, γ and ζ making the following diagram commutative
A //
a //
α

(X1, ξX1)
χ1 //
β

X0
f
// //
γ

Z
ζ

A′ //
a′
//(X ′1, ξX ′1) χ′1
//X ′0 f ′
// //Z ′
such that (β, γ) ∈ XMod(S).
We represent by 2-XModZ(S) the category of crossed 2-fold extensions in
S over Z. The terminal object of 2-XModZ(S) is Z : 1 = 1 ֌ Z = Z.
We denote the product of E,E′ ∈ 2-XModZ(S) by E ×Z E
′ : A × A′ ֌
(X1×X
′
1, ξX1×X ′1)→ X0×ZX
′
0 ։ Z, where ξX1×X ′1 =< ξX1 ·k(pX1 +pX0), ξX ′1 ·
k(pX ′1 + pX ′0) >.
The equivalence XMod(S) ∼= Grd(S) allows us to establish the following:
Proposition 6.6. The equivalence 2-XModZ(S) ∼= Asp(S/Z) holds.
Proof : The simplifications mentioned in Remark 4.3.2. will be used.
An aspherical internal groupoid in S/Z consists of a commutative diagram
of the form
X1,f : X1
d //
c
//
f ·d=f ·c 
??
??
?
X0,eoo
f
~~~~
~~
~~
Z
equipped with a composition morphism m, where the top line X1 : X1
→
←
→ X0,
with m, is an internal groupoid in S and f : X0 ։ Z and < d, c >: X1 ։
X0 ×Z X0 are regular epimorphisms.
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The functors that compose this equivalence are based on those of Proposi-
tion 6.2 and we use the same notations as in Proposition 6.3. We define
F2 : 2 XModZ(S) −→ Asp(S/Z).
E : A //
a //(X1, ξX1)
χ1 //X0
f
// //Z 7−→ X1,E : (X1, ξX1)⋊X0
ρX1 //
σX1
//
f ·ρX1 ''P
PPP
PPP
PPP
X0νX1oo
f
  
  
 
Z
(α, β, γ, 1Z) 7−→ (β ⋊ γ, γ)
We already know that the top line of X1,E is an internal groupoid by Propo-
sition 6.2 and f · ρX1 = f · σX1 (proof of Proposition 6.3). By applying
Remark 4.9.2. to the commutative diagram
X1 //
µX1 //
h1 
(X1, ξX1)⋊X0
ρX1// //
<ρX1 ,σX1>

X0
H1 //
<0,b1>
//X0 ×Z X0
f0
// //X0,
we conclude that < ρX1, σX1 > is a regular epimorphism.
We also define
G2 : Asp(S/Z) −→ 2 XModZ(S),
X1,f : X1
d //
c
//
?
??
??
X0eoo
f



Z
7−→ EX1,f : A
// a //(D, ξD)
c·ker(d)
//X0
f
// //Z
(ϕ1, ϕ0, 1Z) 7−→ (k(k(ϕ1)), k(ϕ1), ϕ0, 1Z)
for D = ker(d) and A = ker(c · ker(d)). We already know that c · ker(d) :
(D, ξD) → X0 is an internal crossed module by Proposition 6.2. With the
following pushouts, we see that f = coker(c · ker(d))
D //
ker(d)
//

X1
<d,c> 
c //
p
X0
p
X0 ×Z X0
f0 
f1
// //
y
p
X0
f
1 //X0
f
// //Z.
By Proposition 6.3, EX1,f is an exact sequence.
Note that the definitions of F2 and G2 on morphisms are similar to those
of F and G, respectively. Moreover, it is easy to deduce that G2 ·F2 ∼= 1 and
F2 ·G2 ∼= 1 from G · F ∼= 1 and F ·G ∼= 1, respectively. 2
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Examples 6.7. The previous equivalence gives us:
1: ∇1(f) : X0 ×Z X0
f0 //
f1
//
f ·f0 &&
MM
MM
MM
M
X0s0oo
f
  
  
Z
∼ E∇1(f) : 1
//(H1, ξH1) //
b1 //X0
f
// //Z, for
H1 = ker(f) and ξH1 = k << 0, b1 >, s0 >.
2: K1(OA) : (A, ξA)⋊ Z
ρA //
ρA
//
ρA ''N
NN
NN
NN
N
ZνAoo



Z
∼ EK1(OA) : A (A, ξA)
0 //Z Z.
Remark 6.8. Consider X1,f ∼ EX1,f : A
a
֌ (X1, ξX1)
χ1
→ X0
f
։ Z ∈ 2-
XModZ(S) decomposed as in Proposition 6.3. Since h1 has a central kernel
relation, then the kernel pair of h1 has the form (pX1, mh1 : X1 × A →
X1). So, the kernel pair X1,f ×∇1(f) X1,f ∼ EX1,f ×E∇1(f) EX1,f of the map
(!A, h1, 1X0, 1Z) : EX1,f → E∇1(f) is the crossed 2-fold extension given by
A× A //
a×1A//(X1 × A, ξX1×A)
χ1·pX1//X0
f
// //Z , where ξX1×A =< ξX1·k(pX1+1X0), ξX1·
k(mh1 + 1X0) >.
6.3. The direction of crossed 2-fold extensions. With the notion of
crossed 2-fold extensions and the equivalence 2-XModZ(M) ∼= Asp(M/Z)
we establish the link with the direction functor theory of order 2.
Proposition 6.9. The second order direction functor d2 : 2-XModZ(M)→
ModZ(M) assigns to each crossed 2-fold extension in M of A by Z a Z-
module structure on A.
Proof : The category M/Z is protomodular, so Grdf(M/Z) is naturally
Maltsev, for every object f of M/Z. Thus, all internal groupoids are neces-
sarily abelian and by Proposition 6.6 we get the equivalence 2-XModZ(M) ∼=
Aspab(M/Z). Using the equivalence of (6), the second order direction functor
is defined by
d2 : 2−XModZ(M) −→ ModZ(M).
EX1,f : A
// a //(X1, ξX1)
χ1 //X0
f
// //Z 7−→ (A, ξχ1)
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The Z-module (A, ξχ1) is determined by the downward pullback
A× A
p1 // //
p0

** a×1A
**UUU
UUU
A
ss
ss
s
ss
ss
s
!

(X1 ×A, ξX1×A)
pA // //
pX1

χ1·pX1
))TTT
TTT
TT
(A, ξχ1)0
yysss
ss
!

X0
f
// //
f
    A
AA
Z


Z
X0
f >> >>}}}
f
// //Z
===
(X1, ξX1)
<1,0>
OO
χ1
55jjjjjjjj
!
//1
eA
OO
0
eeKKKKKKK
A
<1,0>
OO
!
//44 a
44iiiiiiiii 1
KKKKKKKK
KKKKKKKK
eA
OO (11)
or, equivalently, by the upward pushout, both in 2-XModZ(M); it corre-
sponds to the diagram of Definition 3.7 for Aspab(M/Z). 2
Remark 6.10. The top horizontal morphism of internal crossed modules in
M given in (11) allows us to conclude that ξX1×A defined in Remark 6.8 is
also given by < ξX1 ·k(pX1 +1X0), ξ
X0
A ·k(pA+1X0) >, for ξ
X0
A = ξχ1 ·k(1A+f),
i.e. ξX1×A is actually a product X0-algebra.
The Baer sum of crossed 2-fold extensions and the definition of the connect-
ing morphism δ1 between levels 1 and 2 are included in the general treatment
conducted in Section 7.
7. Baer sum of crossed n-fold extensions
In this section we generalize the Baer Extension Theory for groups (or Lie
algebras) of order n, n ≥ 3, to the context of Moore categories. For that we
must define a crossed n-fold extension for these categories. As for groups,
this notion is related to that of internal groupoids of higher dimensions.
Then we apply the direction functor theory of order n (Subsection 3.3) to
the Barr-exact category with finite limits E =M/Z.
7.1. Crossed n-fold extensions.
Definition 7.1. A crossed n-fold extension in S of A by Z is an exact
sequence E : A
a
֌ Xn−1
χn−1
→ · · ·X2
χ2
→ (X1, ξX1)
χ1
→ X0
f
։ Z in S with
(X1, ξX1)→ X0 an internal crossed module in S and (Xi, ξXi), χi ∈ ModZ(S),
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2 ≤ i ≤ n − 1. A morphism of crossed n-fold extensions in S is given by
morphisms α, θn−1, · · · , θ2, β, γ, ζ making the following diagram commutative
A //
a //
α

Xn−1
χn−1//
θn−1

· · · //X2
χ2 //
θ2

(X1, ξX1)
χ1 //
β

X0
f
// //
γ

Z
ζ

A′ //
a′
//X ′n−1χ′n−1
// · · · //X ′2 χ′2
//(X ′1, ξX ′1) χ′1
//X ′0 f ′
// //Z ′
such that (β, γ) ∈ XMod(S).
We represent by n-XModZ(S) the category of crossed n-fold extensions in
S over Z. The terminal object of n-XModZ(S) is Z : 1 = · · · 1 → Z = Z.
We denote the product of E,E′ ∈ n-XModZ(S) by E ×Z E
′ : A × A′ ֌
Xn−1 ×X
′
n−1 → · · · (X1 ×X
′
1, ξX1×X ′1) → X0 ×Z X
′
0 ։ Z, where ξX1×X ′1 =<
ξX1 · k(pX1 + pX0), ξX ′1 · k(pX ′1 + pX ′0) >.
Remark 7.2. Every crossed n-fold extensions E in S can be decomposed
into short exact sequences
A //
a //Xn−1
χn−1 //
hn−1
&& &&LL
L
Xn−2 // · · · X2
χ2 //
h2
%% %%LL
LL
(X1, ξX1)
χ1 //
h1
'' ''NN
NNN
X0
f
// //Z.
Hn−1
88
bn−1
88rr
H2
77
b2
77pppp
H1
==
b1
==|
(12)
The second order direction applied to the crossed 2-fold extension at the
end of (12) assigns to H2 a Z-module structure (H2, ξχ1) in S. The condition
χ2 ∈ ModZ(S) actually means that h2 ∈ ModZ(S). It is obvious thatH3, · · · ,
Hn−1, A and the morphisms between them belong to ModZ(S). Moreover,
(H2, ξH2) is an X0-algebra for ξH2 = ξχ1 ·k(1H2+f) and, for ξ
X0
X2
= ξX2 ·k(1X2+
f), we can deduce that h2 is a morphism of X0-algebras. The same holds for
H3, X3, · · · , Hn−1, Xn−1, A and the morphisms between them.
We can extend the equivalence 2-XModZ(S) ∼= Asp(S/Z) to higher orders:
Proposition 7.3. The equivalence n-XModZ(S) ∼= (n− 1)-Asp(S/Z) holds
for n ≥ 3.
Proof : The simplifications mentioned in Remark 4.3.2. will be used. The
proof of this proposition is made by induction on n.
We start with n = 3. Using the equivalence 2-XModZ(S) ∼= Asp(S/Z),
an aspherical internal 2-groupoid consists of a commutative diagram of the
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form
X2,f : (X2, ξX2)
d //
c
//
χ1·d=χ1·c %%
LL
LL
LL
L
(X1, ξX1)eoo
χ1yyrr
rr
rr
r
X0
f
// //Z,
(13)
such that the vertical diagrams on the right k(X1)
ker(χ1)
֌ (X1, ξX1)
χ1
→ X0
f
։
Z and on the left k(X2)
ker(χ1·d)
֌ (X2, ξX2)
χ1·d
→ X0
f
։ Z are crossed 2-fold
extensions, the top line (χ1 ·d)
→
←
→ χ1, equipped with a composition morphism
m, is an internal groupoid in XMod(S) and < d, c >: X2 ։ X1 × k(X1) is a
regular epimorphism (where (pX1, mh1 : X1 × k(X1)→ X1) is the kernel pair
of χ1; see Remark 6.8).
We define
F3 : 3 XModZ(S) −→ 2 Asp(S/Z).
E (as in (12)) 7−→ X2,E : (X1 ×X2, ξX1×X2)
pX1 //
cE
//
χ1·pX1 ))R
RRR
RRR
RRR
R
(X1, ξX1)<1,0>oo
χ1yyrr
rr
rr
r
X0
f
// //Z
(α, θ2, β, γ, 1Z) 7−→ (β × θ2, β, γ, 1Z)
Note that:
· both H2
ker(χ1)
֌ (X1, ξX1)
χ1
→ X0
f
։ Z and H2 × X2
ker(χ1·pX1)
֌ (X1 ×
X2, ξX1×X2)
χ1·pX1→ X0
f
։ Z are in 2-XModZ(S).
· cE = mh1 · (1X1 × h2) ∈ XMod(S) since it is composed by X0-algebras
mh1 and h2 (Remarks 6.8 and 7.2, respectively).
· (χ1 · pX1)
pX1 //
cE
//χ1<1,0>oo ∈ Grd(XMod(S) (with composition 1×mX2).
· < pX1, cE >= 1× h2 : X1 ×X2 ։ X1 ×H2 is a regular epimorphism.
· (β × θ2, β) is a morphism of reflexive graphs and (β, γ), (β × θ2, γ) ∈
XMod(S), thus (β × θ2, β, γ, 1Z) ∈ 2-Asp(S/Z).
We also define
G3 : 2 Asp(S/Z) −→ 3 XModZ(S),
X2,f (as in (13)) 7−→ EX2,f : A
// a //D
c·ker(d)
//(X1, ξX1)
χ1 //X0
f
// //Z
(ϕ2, ϕ1, γ, 1Z) 7−→ (k(k(ϕ2)), k(ϕ2), ϕ1, γ, 1Z)
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forD = ker(d) and A = ker(c·ker(d)). We already know that χ1 ∈ XMod(S).
To prove the exactness of EX2,f it remains to show that the induced morphism
h : D → K(X1) is a regular epimorphism. Since < d, c >: X2 ։ X1 × k(X1)
is a regular epimorphism, we can use the following pushouts to conclude that
h1 is the co-equalizer of (d, c)
X2
<d,c>
// //
d 
p
c
&&
X1 × k(X1)
mh1// //
pX1 
p
X1
h1
X1 X1
h1
// //H1.
Then, by Remark 4.9.3. applied to the commutative diagram
D //
ker(d)
//
h

X2
d // //
c 
p
X1
h1
k(X1) //
ker(χ1)
//X1
h1
// //H1,
we conclude that h is a regular epimorphism. Moreover, D is a Z-module in
S given by the following pullback in ModZ(S)
(D, ξD) //
ker(k(d))
//
!

y
(k(X2), ξχ1·d)
k(d)
1 //(k(X1), ξχ1).
We can show that the previous diagram is a pullback, i.e. that D is the
kernel of k(d), by considering the commutative diagram
k(X2) //
ker(χ1·d)
//
k(d)

(X2, ξX2)
χ1·d //
h1·d
** **TTT
TTT
TTT
d

X0
f
// //Z
H1
66
b1
66mmmmmmm
((
b1 ((
QQQ
QQQ
Q
k(X1) //
ker(χ1)
//(X1, ξX1)
h1
44 44jjjjjjjjj
χ1
//X0
f
// //Z
(14)
and applying Remark 4.9.1. to conclude that the left square is a pullback.
Hence ker(k(d)) : D ֌ k(X2). Finally, h : (D, ξD) ։ (k(X1), ξX1) ∈
ModZ(S) because h = k(c) · ker(k(d)), i.e. h is composed by morphisms
in ModZ(S).
As for the definition of G3 on morphisms, let k1(ϕ2) : (k(X2), ξχ1·d) →
(k(X ′2), ξχ′1·d′) be the unique map such that ker(χ
′
1 ·d
′) ·k1(ϕ2) = ϕ2 ·ker(χ1 ·d)
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(using the left pullback in (14)). With the equality ker(χ1 · d) · ker(k(d)) =
ker(d), we can prove that k1(ϕ2) · ker(k(d)) = ker(k(d
′)) · k(ϕ2) and also
ker(d′) · k(ϕ2) · ξD = ϕ2 · ker(d) · ξD
= ϕ2 · ker(χ1 · d) · ker(k(d)) · ξD
= ker(χ′1 · d
′) · k1(ϕ2) · ξχ1·d · k( ker(k(d)) + 1Z )
= ker(χ′1 · d
′) · ξχ′1·d′ · k( (k1(ϕ2) · ker(k(d))) + 1Z )
= ker(χ′1 · d
′) · ξχ′1·d′ · k( (ker(k(d
′)) · k(ϕ2)) + 1Z )
= ker(χ′1 · d
′) · ker(k(d′)) · ξD′ · k( k(ϕ2) + 1Z )
= ker(d′) · ξD′ · k( k(ϕ2) + 1Z ).
So, we conclude that k(ϕ2) · ξD = ξD′ · k( k(ϕ2) + 1Z ), i.e. k(ϕ2) : (D, ξD)→
(D′, ξD′) ∈ ModZ(S).
It is easy to see that, for every E ∈ 3-XModZ(S), we have G3(F3(E)) ∼= E,
since cE· < 0, 1 >= mh1 · (1X0 × h2)· < 0, 1 >= mh1· < 0, 1 > ·h2 =
b2 · h2 = χ2. For every X2,f ∈ 2-Asp(S/Z), F3(G3(X2,f))
∼= X2,f , because
(X1 × D, ξX1×D)
∼= (X2, ξX2). This isomorphism is obtained from the Split
Short Five Lemma applied to the commutative diagram
D //
<0,1>
//X1 ×D
pX1 //

X1
<1,0>
oo
D //
ker(d)
//X2
d //X1.e
oo
Note that the vertical middle map ismh1·d ·(e×ker(k(d))) : X1×D → X2 and
lies in XMod(S) since it composed by morphisms of X0-algebras (Remark 6.8
and Remark 7.2).
For n ≥ 4, suppose that k-XModZ(S) ∼= (k− 1)-Asp(S/Z), 2 ≤ k ≤ n− 1.
Using the equivalence when k = n−1, an aspherical internal (n−1)-groupoid
consists of a diagram of the form
Xn−1,f : Xn−1
d //
c
//
χn−2·d=χn−2·c %%J
JJ
JJ
J
Xn−2eoo
χn−2xxrrr
rr
r
Xn−3 // · · · X2
χ2 //(X1, ξX1)
χ1 //X0
f
// //Z,
(15)
such that the vertical diagrams k(Xn−2)
ker(χn−2)
֌ Xn−2 → · · ·X0
f
։ Z and
k(Xn−1)
ker(χn−2·d)
֌ Xn−1 → · · ·X0
f
։ Z are crossed (n − 1)-fold extensions,
the top line Xn−1
→
←
→ Xn−2, equipped with a composition morphism m, is an
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internal groupoid in ModZ(S) and < d, c >: Xn−1 ։ Xn−2 × k(Xn−2) is
a regular epimorphism (where (pXn−2, mXn−2 · (1Xn−2 × ker(χn−2)) : Xn−2 ×
k(Xn−2)→ Xn−2) is the kernel pair of χn−2).
We define Fn : n-XModZ(S)→ (n− 1)-Asp(S/Z) by
Fn(E) = Xn−1,E : Xn−2 ×Xn−1
pXn−2 //
cE
//
χn−2·pXn−2 ((
QQQ
QQQ
QQQ
Xn−2<1,0>oo
χn−2xxrrr
rr
r
Xn−3 // · · · X2
χ2 //(X1, ξX1)
χ1 //X0
f
// //Z
for E as in (12). Note that:
· Hn−1
ker(χn−2)
֌ Xn−2 → · · ·X0
f
։ Z, Hn−1 ×Xn−1
ker(χn−2·pXn−2)
֌ Xn−2 ×
Xn−1 · · ·X0
f
։ Z ∈ (n− 1)-XModZ(S).
· Xn−2 ×Xn−1
pXn−2 //
cE
//Xn−2<1,0>oo , with composition 1Xn−2 × mXn−1, is an in-
ternal groupoid in ModZ(S), for cE = mXn−2 · (1Xn−2 × χn−1).
· < pXn−2, cE >= 1 × hn−1 : Xn−2 × Xn−1 ։ Xn−2 × Hn−1 is a regular
epimorphism.
For morphisms, we define Fn(α, θn−1, · · · , θ2, β, γ, 1Z) = (θn−1×θn−2, θn−2, · · · ,
θ2, β, γ, 1Z), which is a morphism in (n−1)-Asp(S/Z) since (θn−1×θn−2, θn−2)
is a morphism of reflexive graphs, θn−1, · · · , θ2 ∈ ModZ(S) and (β, γ) ∈
XMod(S).
We also define Gn : (n− 1)-Asp(S/Z)→ n-XModZ(S) by
Gn(Xn−1,f) = EXn−1,f : A
// a //D
c·ker(d)
//Xn−2
χn−2// · · · (X1, ξX1)
χ1 //X0
f
// //Z
for Xn−1,f as in (15), D = ker(d) and A = ker(c · ker(d)). The proof
of the exactness of EXn−1,f is similar to the one made for n = 3. We al-
ready know that χ1 ∈ XMod(S) and X2, · · · , Xn−2, χ2, · · ·χn−2, c · ker(d) ∈
ModZ(S). For morphisms we define Gn(ϕn−1, ϕn−2, θn−3, · · · , θ2, β, γ, 1Z) =
(k(k(ϕn−1)), k(ϕn−1), ϕn−2, θn−3, · · · , θ2, β, γ, 1Z) which is a morphism in n-
XModZ(S) because (β, γ) ∈ XMod(S) and θ2, · · · , θn−3, ϕn−2, k(ϕn−1) and
k(k(ϕn−1)) are in ∈ ModZ(S).
It is easy to see that Fn and Gn are equivalences (similar to the proof for
F3 and G3). 2
We use the notations Xn−1,E = Fn(E) and EXn−1,f = Gn(Xn−1,f).
Examples 7.4. Based on Example 6.7, the previous equivalence gives us:
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1: E∇n−1(f) : 1 · · · 1
//(H1, ξH1)
//
b1 //X0
f
// //Z
2: EKn−1(OA) : A A
! //1 · · · 1 //Z Z.
Remark 7.5. Consider EXn−1,f as in (12). The cancelation of level n −
1 gives EXn−2,f : Hn−1 ֌ Xn−2 → · · · (X1, ξX1) → X0 ։ Z. We have:
E∇n−1(Xn−2,f ) : 1
//Hn−1 //
bn−1 //Xn−2
χn−2// · · · (X1, ξX1)
χ1 //X0
f
// //Z and
EXn−1,f ×E∇n−1(Xn−2,f ) EXn−1,f :
A×A //
a×1 //Xn−1 × A
χn−1·pXn−1
//Xn−2
χn−2 // · · · (X1, ξX1)
χ1 //X0
f
// //Z.
7.2. The direction of crossed n-fold extensions. The notion of crossed
n-fold extensions and the equivalence n-XModZ(M) ∼= (n − 1)-Asp(M/Z)
establish the link with the direction functor theory of order n.
Proposition 7.6. The n-th order direction functor dn : n-XModZ(M) →
ModZ(M) assigns to each crossed n-fold extension in M of A by Z a Z-
module structure on A.
Proof : From Proposition 7.3 and the equivalence (6), the n-th order direction
functor is defined by
dn : n−XModZ(M) −→ ModZ(M).
EXn−1,f : A
// a //Xn−1
χn−1// · · · (X1, ξX1)
χ1 //X0
f
// //Z 7−→ (A, ξχn−1)
The Z-module structure on A is induced by χn−1 as can be seen by the
downward pullback
A× A
p1 // //
p0

** a×1
**TTT
T
A
!

yy
yy
Xn−1 × A
pA // //
pXn−1

χn−1·pXn−1
''PP
PPP
PP
A
!

 


. . . . .
.
X0
f
// //
f
## ##H
HH
H Z
yy
yy
Z
X0
f
// //
f ;; ;;vvvv
Z
EEEE
. . .. .
.
Xn−1
!
// //
χn−1
77nnnnnnn
<1,0>
OO
1
?????
eA
OO
A
!
// //44 a
44jjjjjjjjj
<1,0>
OO
1
EEEEE
eA
OO
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or, equivalently, by the upward pushout, both in n-XModZ(M); it corre-
sponds to the diagram of Definition 3.9 for (n− 1)-Asp(M/Z). 2
7.3. The Baer sum of crossed n-fold extensions, n ≥ 2. Let OA be
a fixed Z-module as in (8). The objects of d−1n (OA) are the crossed n-fold
extensions E : A ֌ Xn−1
χn−1
→ · · · (X1, ξX1) → X0 ։ Z in M of A by Z
such that Oχn−1
∼= OA, i.e. (A, ξχn−1)
∼= (A, ξA). We use the classical notation
Opextn(Z,A,OA) to represent the abelian group of the equivalence classes
of crossed n-fold extensions in d−1n (OA). The n-th cohomology group of the
Z-module A is (see (4))
H
n
M/Z(A)
∼= pi0(d
−1
n (OA)) = Opext
n(Z,A,OA).
The group operation of HnM/Z(A), induced by the tensor product of the
monoidal structure of d−1n (OA), is called the Baer sum, and defined as [E]∼+
[E′]∼ = [E ⊗n E
′]∼. The crossed n-fold extension E ⊗n E
′ is the codomain of
the dn-cocartesian morphism µE,E′ above the multiplicationmOA with domain
the product E×Z E
′ (= (E× E′)∆Z) in n-XModZ(M) (Remark 3.8.8)
E×Z E
′ :
µE,E′

E⊗n E
′ :
A×A
mA 
//a×a
′
//Xn−1 ×X
′
n−1
// //
u

Xn−2 ×X
′
n−2

// · · ·
A //
a′′
//X ′′n−1 χ′′n−1
//X ′′n−2 // · · ·
X0 ×Z X
′
0
// //

Z
X ′′0 f ′′
// //Z.
Note that µE,E′ is (−)n−2,M/Z-invertible (Remark 3.8.5.). As a consequence,
E ×Z E
′ and E ⊗n E
′ coincide up to level n − 2, i.e. all vertical morphism in
the diagram above are identities except for mA and u. As in Subsection 5.2,
u is a regular epimorphism, by Remark 4.9.2., and, by Remark 4.9.1., the
left square is a pullback, thus a pushout. So we can conclude that E⊗n E
′ =
mA(E× E
′)∆Z, just like the Baer sum of crossed n-fold extensions of groups
([20] and [19]).
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7.4. The long exact sequence. Consider a short exact sequence (9) in
ModZ(M). The induced long exact sequence is
0 //HomM/Z(1Z, ρN)
k∗ //HomM/Z(1Z, ρP )
p∗ //HomM/Z(1Z, ρQ)
δ0 //
//Opext(Z,N,ON)
k1
∗
//Opext(Z, P,OP )
p1
∗
//Opext(Z,Q,OQ)
δ1
//
· · ·
//Opextn−1(Z,N,ON)
kn−1∗ //Opextn−1(Z, P,OP )
pn−1∗ //Opextn−1(Z,Q,OQ)
δn−1//
//Opextn(Z,N,ON)
kn∗
//Opextn(Z, P,OP )
pn
∗
//Opextn(Z,Q,OQ) · · ·
Given EXn−2,f ∈ Opext
n−1(Z,Q,OQ), we define δ
n−1, n ≥ 2, by (Theo-
rem 2.8)
δn−1
([
EXn−2,f : Q
// a //Xn−2
χn−2// · · · (X1, ξX1)
χ1 //X0
f
// //Z
]
∼
)
=
=
[
SEXn−2,f : N
// k //P
a·p
//Xn−2
χn−2// · · · (X1, ξX1)
χ1 //X0
f
// //Z
]
∼
.
The crossed n-fold extension δn−1
(
[EXn−2,f ]∼
)
is obtained from the pullback
N //
k //
!

## k
##F
FF
P
p

xx
xxx
P
p

a·p
?
??
??
P
p

 


. . . . .
.
X0
f
// //
f
## ##H
HH
H Z
yy
yy
Z
X0
f
// //
f ;; ;;vvvv
Z
EEEE
. . .. .
.
Q
a
??
Q
?????
1 //
;;xxxxx Q
FFFF
in n-XModZ(M). From dn−1(EXn−2,f )
∼= OQ, we obtain a discrete fibration
E∇n−1(Xn−2,f ) → EKn−1(OQ) (Remark 2.4) which is represented by the bottom
horizontal morphisms. So, δn−1
(
[EXn−2,f ]∼
)
is given by the Yoneda compo-
sition of S and EXn−2,f , just like the definition of the connecting morphism
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for groups ([20] and [19]). Note that, for n = 2, EXn−2,f is just a singular
extension and the X0-algebra structure on Q is ξ
X0
Q = ξQ · k(1Q + f) and
similarly for P .
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